Abstract-The problem of constructing and classifying stationary and translating configurations of point vortices with an arbitrary choice of circulations is studied. The polynomial method enabling one to find any such configuration is described in detail. Stationary configurations for vortex systems with circulations Γ, -μΓ are classified in the case of integer μ. New configurations are obtained.
INTRODUCTION
The motion of M parallel infinitely thin linear vortex filaments with circulations Γ 1 , …, Γ M in a bound less ideal liquid is described by a system of Helmholtz equations: (1) where z k (t) is a complex valued function defining the position of the point of intersection of the vortex fil ament and the transverse plane at the time t. The * symbol denotes complex conjugation, and the prime sign in the summation means that the m = k case has to be excluded. It is well known that system (1) can not be solved for four or more vortices with arbitrarily chosen circulations [1] . Therefore, great signifi cance is gained by the problem of building exact solutions of system (1) and, in particular, stationary and translating configurations [1] [2] [3] [4] .
In order to find stationary vortex configurations with circulations equal in absolute value, Tkachenko proposed to consider polynomials with roots at the vortex positions. Tkachenko obtained a differential equation that is satisfied by the polynomials [5] . This equation is usually called the Tkachenko equation and the approach is called the polynomial method. A simpler derivation of the Tkachenko equation was proposed by Aref, who employed the polynomial method to not only construct stationary and translating vortex configurations with equal in absolute value circulations but also to find rotational vortex configu rations with identical circulations [3] . The objective of the present work is to generalize the polynomial method for the case of vortices with arbitrary circulations.
It should be noted that the Tkachenko equation arises rather unexpectedly in the field of the Korteweg-de Vries equation theory, seemingly unrelated to point vortices. To describe rational solutions of the Korteweg-de Vries equation, Adler and Moser have introduced a family of polynomials that by coincidence also satisfy the Tkachenko equation [6] . The connection of the polynomials describing sta tionary vortex configurations and other solvable differential equations is covered in detail in [7] .
THE POLYNOMIAL METHOD
We consider a system of M point vortices with circulations Γ 1 , …, Γ N , M ≥ N. Let = λ/(2πi) in equations of motion (1) . The λ = 0 case corresponds to stationary configurations and the λ ≠ 0 case to translating ones. We divide the vortices into groups according to the values of their circulations. We denote the positions of the vortices with the circulations Γ j with …, j = 1, …, N and introduce the char acteristic polynomials (2) When λ ≠ 0, the points can be viewed at as instant vortex positions. Hence, the roots of the polynomial P j (z) define the positions of the vortices with circulation Γ j . Note that the polynomials P j (z), j = 1, …, N do not have multiple or common roots. In addition, the equality M = l 1 + … + l N , M ≥ N holds. Substi tuting the expression = λ/(2πi) into equations of motion (1) yields (3) where the case (j 0 , i 0 ) = (j, i) has to be excluded from the summation. Using the properties of the logarith mic derivative, the correctness of the following relationship can be easily verified:
Further, let the variable z tend to a root of the polynomial. By calculating the limit at z → in the expression for we find
Using equalities (3) and (4), we obtain the relationships (6) which hold for each root of the polynomial It can be seen from equalities (5) and (6) that the polynomial
Therefore, this polynomial is identically equal to zero. Therefore, the characteristic polynomials of the configurations in P j (z), j = 1, …, N satisfy the equation (8) This equation can be used to prove the correctness of the inverted statement. If the polynomials P j (z), j = 1, …, N, without multiple and common roots satisfy equation (8) , then the roots of the polynomials define the positions of vortices with circulations Γ j , j = 1, …, N in a stationary (λ = 0) or translating (λ ≠ 0) equi librium.
Equation (8) can be used to easily obtain the necessary conditions of existence of the corresponding configurations. Let us expand the function (7) into Laurent series at infinity and equate the highest order coefficient to zero. We obtain
Further, we study in detail the case N = 2. If Γ 1 = Γ, Γ 2 = -Γ, equation (8) Solving the Diophantine equation (11), we obtain twelve groups of three natural numbers l 1 , l 2 , μ that are listed in Table 1 . The polynomial solutions at μ = 1, μ = 2 are known (see [5] [6] [7] [8] ). Equation (10) is invari ant under the transformation z ‫ۋ‬ αz + β, α ≠ 0, and, without loss of generality, we assume that the poly nomial P 2 (z) always has a zero at the point of origin. New polynomial solutions of equation (10) are listed in Table 2 . When c 1 ≠ 0, b 1 ≠ 0, one can get rid of these parameters by rotation and stretching transforma tions. When c 1 ≠ 0, b 1 ≠ 0, the roots of the polynomials from Table 2 define the positions of the point vor tices with circulations Γ and -μΓ in stationary equilibrium. The configurations with μ = 5 are shown in the figure. Table 1 . Values of the M, l 1 , l 2 , μ parameters for the stationary configurations described by equation (10) 
